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DMITRI NIKSHYCH 

Abstract. We develop the theory of semisimple weak Hopf algebras and ob- 
tain analogues of a number of classical results for ordinary semisimple Hopf 
algebras. We prove a criterion for semisimplicity and analyze the square of 
the antipode of a semisimple weak Hopf algebra A. We explain how the 
Probenius-Perron dimensions of irreducible A-modules and eigenvalues of S'^ 
can be computed using the inclusion matrix associated to A. A trace formula 
of Larson and Radford is extended to a relation between the categorical and 
Frobenius-Perron dimensions of A. Finally, an analogue of the Class Equation 
of Kac and Zhu is established and properties of yl-module algebras and their 
dimensions are studied. 



1. Introduction 

In [BSzlj G. Bohm and K. Szlachanyi introduced weak Hopf algebras as a gen- 
eralization of ordinary Hopf algebras. It was observed in |NV2) that these objects 
also extend the theory of groupoid algebras. A general theory of weak Hopf al- 
gebras was subsequently developed in |BNSz| . Briefly, a weak Hopf algebra is a 
vector space with structures of an algebra and coalgebra related to each other in 
a certain self-dual way. Weak Hopf algebras naturally appear in different areas 
of mathematics, including algebra, functional analysis, and representation theory 
[KM INVn IeM INTVj : we refer the reader to [NV2] for a survey of the subject. 

In this paper we begin the study of semisimple weak Hopf algebras over an alge- 
braically closed field of characteristic 0. These are the most accessible weak Hopf 
algebras that frequently appear in applications. In particular, the representation- 
theoretic importance of semisimple weak Hopf algebras can be seen from the result 
of V. Ostrik [0], who proved that every semisimple rigid monoidal category with 
finitely many classes of simple objects (such categories are called fusion categories) 
is equivalent to the representation category of a semisimple weak Hopf algebra. 
Weak Hopf algebra techniques were used to prove results about fusion categories in 
[N2, ..ENOj . In ENO) it was shown that regular semisimple weak Hopf algebras and 
fusion categories do not admit continuous deformations (this extends the result of 
D. Stefan for semisimple Hopf algebras [S]). Here the regularity condition ensures 
the absence of "trivial" deformations |N2I Remark 3.7]. In particular, this implies 
that a classification of semisimple weak Hopf algebras is possible. Such a classi- 
fication will include the classification of fusion categories and module categories 
over them and will be useful in operator algebras, quantum field theory, and rep- 
resentation theory of quantum groups. In order to proceed with this classification 
project it is first necessary to bring the theory of semisimple weak Hopf algebras 
and fusion categories to roughly the same level as that of semisimple Hopf algebras. 
The present paper is a step in this direction. 
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Semisimple Hopf algebras is one of the most established subjects of Hopf algebra 
theory. A number of structural and classification theorems is known, see surveys 
|Mol[ IMo2l IX) . In this paper we extend several classical results from ordinary to 
weak Hopf algebras. Below we describe these results and organization of the paper. 

In Section 2 we recall the definition and basic properties of weak Hopf algebras 
and their representation categories. 

In Section 3 we first define a canonical integral of a weak Hopf algebra A and 
give a list of conditions equivalent to the semisimplicity of A in Proposition 13 . 1 . 5l 
Next, for a semisimple A we study two notions of dimensions of irreducible A- 
modules : the quantum and Frobenius-Pcrron dimensions introduced in ENO'. 
We show that the vector of Frobenius-Perron dimensions of irreducible A-modules 
is a Frobenius-Perron eigenvector (i.e., an eigenvector with strictly positive entries) 
of the integer matrix A*A, where A is the matrix describing the inclusion of the 
base algebra Ag in A fProposition l3.3.in|) . This extends a result of |BSz2| for weak 
Hopf C*-algebras. In Proposition 13 . 4 . 2l we give in terms of A a sufficient condition 
of the triviality of a group- like element G implementing the square of the antipode 
of A (a pivotal element of A). In the case when A is pseudo-unitary we show in 
Corollary 12331 that G = wS{w)~'^ where w is a Frobenius-Perron element of the 
base As- In particular, in this case the eigenvalues of S"^ are all positive and can 
easily be found. 

In Section 4 we study the Grothendieck ring of a semisimple weak Hopf algebra 
and extend in Theorem 14 . 2 . 41 the Class Equation of G. Kac and Y. Zhu K, Zl) (a 
version of this equation for pivotal fusion categories was proved in |ENOj V 

In Section 5 we establish analogues of the trace formulas of Larson and Radford 
[CRI . LR2 . The first formula fCorollarv l5.1.1|l expresses Tr(S''^|y!i) in terms of dual 
integrals in A and A*. The second formula shows that the categorical dimension 
dim(A) of A divides its Frobenius-Perron dimension FPdim(A) in the ring of al- 
gebraic integers f Theorem 15. 2 .211 . As a consequence we obtain that a weak Hopf 
algebra is pseudo-unitary if and only if all the eigenvalues of are positive. 

Section 6 deals with properties of module algebras and coalgebras over a semisim- 
ple weak Hopf algebra A. In Theorem 16 . 1 .31 we extend the result of ^ to prove 
that if v4 is a pseudo-unitary weak Hopf algebra then the Jacobson radical of any 
finite-dimensional A-module algebra is A-stablc. In Theorem lfi . 2 . 21 we extend the re- 
sult of _Z2^ to Frobenius-Perron dimensions of comodule algebras over a semisimple 
weak Hopf algebra A : we show that if M is an indecomposable finite-dimensional 
semisimple A-comodule algebra, then for all irreducible M-modules Mi and M2 
the number FPdim(A)FPdim(Mi)FPdim(M2)/FPdim(Af ), where FPdim denotes 
the Frobenius-Perron dimension, is an algebraic integer. This generalizes the well- 
known fact that for a finite group G the cardinality of a transitive G-set divides 
the order of G. 

Acknowledgements. This research was supported by the NSF grant DMS- 
0200202. The author is grateful to Pavel Etingof for poining out an error in an 
early version of this paper and to Victor Ostrik and Leonid Vainerman for valuable 
discussions. Thanks are also due to the referee whose comments helped to improve 
the presentation. 



SEMISIMPLE WEAK HOPF ALGEBRAS 



3 



2. Preliminaries 

2.1. Definition and basic properties of weak Hopf algebras. Let k be an 

algebraically closed field of characteristic 0. All vector spaces and tensor products 
in this paper are over k. 

One obtains a weak Hopf algebra by relaxing the axioms related to the unit and 
counit in the definition of an ordinary Hopf algebra. 

Definition 2.1.1 f jBSzlllBNSzj ). A weak Hopf algebra is a vector space A with the 
structures of an associative algebra {A, m, 1) with a multiplication m : A(i) A A 
and unit 1 G A and a coassociative coalgebra (A, A, e) with a comultiplication 
A : A ^ A(E) A and counit e : A ^ k such that: 

(i) The comultiplication A is a (not necessarily unit-preserving) homomor- 
phism of algebras: 

(1) Aigh) = A(g)A(M, 

(ii) The unit and counit satisfy the following identities: 

(2) (A®id)A(l) = (A(1)®1)(1®A(1)) = (1®A(1))(A(1)®1), 

(3) ^ifgh) = e(/ff(i))e(ff(2)^) = e(/5(2))e(5(i)^), 

(iii) There is a linear map S : A A, called an antipode, such that 

(4) m(id (g) S')A(/i) ^ (e®id)(A(l)(;i® 1)), 

(5) 771(5 ® id) A (/i) = (id® e)((l ® /i)A(l)), 

(6) Sih) = 5(;i(i))/i(2)5(/j(3)), 
for all f,g,h^ A. 

Remark 2.1.2. We use Sweedler's notation for a comultiplication in a coalgebra 
C, writing A(c) = C(i) ® C(2) for all c G C. 

Axioms (jSl and (j^J above weaken the usual bialgebra axioms requiring A to 
preserve the unit and e to be an algebra homomorphism. Axioms and (jSJ 
generalize the properties of the antipode in a Hopf algebra. The antipode 5 of a 
weak Hopf algebra is an algebra and coalgebra antihomomorphism. If A is finite- 
dimensional then S is bijective BNSz, 2.10]. 

Remark 2.1.3. A weak Hopf algebra is a Hopf algebra if and only if A(l) = 10 1 
and if and only if e is a homomorphism of algebras. 

A morphism between weak Hopf algebras Ai and A2 is a map cj) : Ai A2 
which is both algebra and coalgebra homomorphism preserving 1 and e and which 
intertwines the antipodes of Ai and ^42, i.e., (p o Si = S2 ° (j)- The image of a 
morphism is clearly a weak Hopf algebra. 

For a finite-dimensional A there is a natural weak Hopf algebra structure on the 
dual vector space A* = Homfe(A, k) given by 

(7) {<j>^P,h)^{{<j>^^P),A{h)), 

(8) {AiP),g®h)^(P,gh), 

(9) (5(0), /i) = 5(/7)), 

for all (j>,ilj £ A* , g, h E A. The unit of A* is e and the counit is (j) ^-^ {(/), 1 ). 
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The linear maps defined by Q and (0 are called target and source counital 
maps and denoted et and Es respectively : 

(10) et(/i) = e(l(i)/i)l(2), £.W = l(i)e(W(2)), 
for all h e A. 

An algebra M is a left A-comodule algebra if M is a left A-comodule via 6 : M ^ 
A (g) M : m 1-^ m'^^ (g) m^^^ such that 

(11) d{mn) = (5(m)(5(n), (5(1) = (e^ ® id)5(l), 
for all m,n ^ M. 

An algebra M is a left A-module algebra if A/ is a left A-module via h®m i—^h-m 
such that 

(12) /i • (mn) = (/i(i) • m)(ft.(2) • n), h-l = St{h), 

for all /i £ ^ and m,n € M. 

The definitions of right module and comodule algebras are similar. 

Remark 2.1.4. If A is finite-dimensional then a left A-comodule algebra M is a 
right A* -module algebra via 

(13) m-0= (0, TO(^))m(2\ (j)eA*,meM. 

2.2. Basic properties of weak Hopf algebras. The images of the counital maps 
defined in ^U^, 

(14) At=etiA), A,=e,iA) 

are semisimple subalgebras of A, called target and source bases or counital suhalge- 
bras of A. These subalgebras commute with each other; moreover 

At = {(0®id)A(l) |<?!)GA*} = {/ieyl| A(/i) = A(l)(/i(g)l)}, 
A, = {(id®(/))A(l) |<?!)eA*} = {/ieyl| A(/i) = (l«)/i)A(l)}. 

For any algebra B we denote by Z{B) the center of B. 

If p ^ is an idempotent in At n n Z{A), then A is the direct sum of weak 
Hopf algebras pA and (1 — p)A. Consequently, we say that A is indecomposable if 
AtHAsHZiA) = fcl. 

Every weak Hopf algebra A contains a canonical minimal weak Hopf subalgebra 
Amin generated, as an algebra, by As and At |N2I Section 3]. Obviously, A is an 
ordinary Hopf algebra if and only if A,„in = kl. Minimal weak Hopf algebras over 
k, i.e., those for which A ~ j4,„in, were completely classified in |N2I Proposition 
3.4]. 

The restriction of 5^ to Anin is always an inner automorphism of A^^^, see |JN 2| . 

Note 2.2.1. In what follows we will consider only weak Hopf algebras satisfying 
the following natural property : 

(15) ^^U^^id. 

Definition 2.2.2. We will call a weak Hopf algebra satisfying H15|l regular. 

Remark 2.2.3. It was shown in |NV2I 6.1] that every weak Hopf algebra can be 
obtained by twisting a regular weak Hopf algebra with the same algebra structure. 
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2.3. Rigid monoidal categories and fusion categories. Recall that a monoidal 
category consists of a category C, a tensor product bifunctor M : C x C C, a unit 
object E, and natural equivalences 

(16) S(id X = H(K X id), l^E^id, E^l^id, 

satisfying the pentagon and triangle diagrams |Mal IBKj . 

If V is an object in C then a right dual of V is an object V* together with two 
morphisms, by ■ E ~> V M V* and dy : V* ^ V ^ E, called coevaluation and 
evaluation, such that 

(17) (idy Krfy)(fey Hidy) = idv', 

(18) {dv^idv'){idv'^bv) = idy ■ 

The definition of a left dual object is similar, see |BK| . A monoidal category C is 
called rigid if every object in C has right and left dual objects. 

Definition 2.3.1. A fusion category is an Abelian semisimple rigid monoidal cat- 
egory C that has finitely many simple objects and is such that the unit object E is 
simple and all Hom-spaces of C are finite-dimensional. 

A left module category over a monoidal category C is an Abelian category A4 
together with a bifunctor : C x — > and natural equivalences 

(19) (g)(id X 1^)^ ®(K1 X id), E^7 = id, 
satisfying pentagon and triangle axioms; see [01 for details. 

2.4. Representation category of a weak Hopf algebra and reconstruction 
of fusion categories. The category Rep(A) of finite-dimensional left A-modules 
has a natural structure of a rigid tensor category that we describe next, following 
|JN TV| . The tensor product of two A- modules V and W is given by 

(20) VMW -.^V (^A,W = {x eV (^k T4^|A(l)j; = x}, 

where the right action of At on V is by vz := S{z)v, z & At, v ^ V and the A- 
module structure defined via A. The tensor product of morphisms is defined in 
an obvious way. The unit object E of Rep(yl) is the target counital subalgebra At 
with the action h ■ z — et(hz) for all /i G A, z G At- 

The unit object of Rep(yl) is irreducible if and only if bases oi A intersect trivially 
with the center of A, i.e., Z{A) n At = k. 

Definition 2.4.1. If Z{A) O At = k we will say that A is connected. We will say 
that that A is coconnected if A* is connected and that A is biconnected if it is both 
connected and coconnected. 

Remark 2.4.2. A is coconnected if and only li Ag f] At = k (Nil 3.11]. 

If V is an A- module then V* :— Homfe(y, k) is also an A-module via 

(21) {h-(ly,v) = {cj,,S{h)-v), 

for aU e A, e A*, vgV. 

For any V in Rep(j4), we define evaluation and coevaluation morphisms 

dv ■.V*MV ^ At, by ■■ At V ^V* , 
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as follows. For (j)^ Ci)Vj eV* ^V, set 

(22) dviY, ^ ® ^J-) = E ^^hi) ■ «.)1(2)- 

] j 

Let {/;} and {^'} be bases of V and V* dual to each other, then J^i h ® C does 
not depend on choice of these bases. Set 

(23) bv{z)^z■{J2f^®C)■ 

i 

It was checked in [NTVI that dy and by are well defined A-linear maps satisfying 
identities (|17|l and p8|) . Thus, Rep(A) becomes a rigid monoidal category. Clearly, 
Rep(A) is a fusion category if and only if A is semisimple and connected. 

Let M he a, semisimple left module category over a fusion category C such that 
A4 has finitely many simple objects and all Hom-spaces of A4 are finite-dimensional. 
It was shown in ^ that there exists a biconnected semisimple weak Hopf algebra 
A such that Rep(A) = C as fusion categories and Rep(^t) = A4 a,s module cate- 
gories over C. Such a weak Hopf algebra A is not unique. In particular, the base 
At is defined up to a Morita equivalence, and one can always choose At to be a 
commutative algebra, in which case A is regular in the sense of Definition \'2.'2.'2\ 
Thus, one can study fusion categories and their module categories using weak Hopf 
algebra techniques. 

2.5. Grothendieck rings and modules and Frobenius-Perron dimensions. 

Let A be a semisimple weak Hopf algebra. The Grothendieck ring Ko{A) is de- 
fined as follows. As an Abelian group it is generated by characters xv of finite- 
dimensional ^-modules V with the addition xu + Xv — XU(SV and multiplication 
XuXv = Xusv for all ^-modules U and V. The unit is the character of the trivial 
^-module. The map xv XV' extends to an anti-multiplicative involution of 
Kq{A) since is an inner automorphism of A. Note that our definition does not 
differ from the usual one (see, e.g., ILop since in the semisimple case we can identify 
finite-dimensional ^-modules with their characters. 

The ring Kq{A) has a Z+-basis consisting of characters {xit ■ ■ iXn] of irre- 
ducible ^-modules {Vi, . . . , Vn}- For every ^-module V with the character xv the 
matrix [xv] of the left multiplication by xv in the basis {xi,...,Xn} has non- 
negative entries and is not nilpotent. By the Frobenius-Perron theorem jGa| the 
matrix [xv] has a real non-negative eigenvalue. The largest among such eigenvalues 
we will call the Frobenius-Perron dimension of V and denote FPdim(y). It was 
shown in |ENO| that the map (j) : V ^ FPdim(y) defines a ring homomorphism 
Kq{A) — > R. This is a unique homomorphism Ko{A) M. with the property 
(j>{Xi) > for alH = 1, . . . n. 

Definition 2.5.1. Define the character algebra of A to be R{A) — Kq{A) (g)^ C. If 
k ^ C, then R{A) may be regarded as a subalgebra of A* . 

If AI is a finite-dimensional semisimple ^-comodule algebra via S : M ^ A® M 
then the Grothendieck group Ko{M) becomes a left Xo(^)-module (with non- 
negative integer structure constants) via 

(24) {xtm) = {x®tSim)), 

for aU characters x e ^o(^), C ^ Ko{M) and m e M. Let R{M) = Kq{M) (g)z C. 
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Definition 2.5.2. Wc will say that M is indecomposable if it is not a direct sum 
of two non-trivial A-comodule algebras. 

Let M be an indecomposable finite-dimensional semisimple A-comodule algebra. 
Let Ml, . . . , Mt be irreducible Af -modules and let ^i, . . . , be their characters. It 
was shown in jENO| that there exist positive numbers FPdim(Mi), . . . , FPdim(Mt), 
defined up to a common positive scalar multiple, and called Frohenius- Perron di- 
mensions of Ml, . . . , Mt, such that 

t 

(25) ^/ = H FPdim(M,)6 e R{M) 

i=l 

is an eigenvector for every v4-character xv with the eigenvalue FPdim(V^): 

(26) xvO =FPdim(t/)C/. 

The assignment ^ FPdim(Mi) extends to a i4ro(^)-inodule homomorphism ij^ : 
Kq(M) R (where M is a Ko(-4)-module via xva = FPdim(F)a, a G R) with 
i^i^i) > for all i = 1, . . . t. The following statement will be used in the sequel. 

Lemma 2.5.3. The above map ip is a unique, up to a positive scalar multiple, 
Ko{A)-module homomorphism from Ka{M) to R with the property > for 

all i = \, . . .t. 

Proof. Let [xv] be the matrix of multiplication by xv in the basis {Ci,...,Ct} 
and let rh be the column vector with entries '0(Ci)j * = 1, . . . ,t. Then [xv]™ = 
FPdim(y)TO. Since m has strictly positive entries it belongs to the Frobenius- 
Perron eigenspace of [xv] for every y4-module V . Choosing V in such a way that 
[xv] has strictly positive entries we conclude that m is defined up to a scalar multiple 
(since in this case the Frobenius-Perron eigenspace of [xv] is 1-dimensional). □ 

3. Integrals, semisimplicity, and dimension theory 

3.1. Integrals in v^reak Hopf algebras. The following notion of an integral in a 
weak Hopf algebra is a generalization of that of an integral in a usual Hopf algebra. 

Definition 3.1.1 f |BNSzj ). A left (respectively, right) integral in a weak Hopf 
algebra A is an element £ G A (respectively, r G A) such that 

(27) hi — et{h)£, (respectively, rh = r£s{h)) for all h G A. 

The space of left (respectively, right) integrals in y4 is a right (respectively, left) 
ideal of A of dimension dimfe(A(). We will denote the spaces of left and right 
integrals of A by and 

Any left integral A in A* satisfies the following invariance property : 

(28) .g(i)(A, /i5(2) ) = S'(ft.(i))(A, /i(2)5), g,heA. 

In what follows we use the Sweedler arrows ^ and ^ for the dual actions : 

(29) 5) = (0, g/i) and {cj) ^ h, g) ^ {<j), hg) . 

for aU g, h e A,(t) e A* . 

Recall that a functional (j) & A* \s non- degenerate if its composition with the 
multiplication defines a non-degenerate bilinear form on A. Equivalently, (p is non- 
degenerate if the linear map i— > (/i 0) is injective. An integral (left or right) 
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in a weak Hopf algebra A is called non- degenerate if it defines a non-degenerate 
functional on A*. A left integral £ is called normalized if et{£) = 1. 

It was shown by P. Vecsernyes that a finite-dimensional weak Hopf algebra 
always possesses a non-degenerate left integral. In particular, a finite-dimensional 
weak Hopf algebra is a Frobenius algebra (this extends the well-known result of 
Larson and Sweedler for usual Hopf algebras). It also follows that is a free 
right At-module of rank 1 and a free right As-module of rank 1 for which any 
non-degenerate left integral can be taken as a basis. 

Maschke's theorem for weak Hopf algebras TBNSz, 3.13] states that a weak Hopf 
algebra A is semisimple if and only if A is separable, and if and only if there exists 
a normalized left integral in A. In particular, every semisimple weak Hopf algebra 
is finite-dimensional. 

For a finite-dimensional A there is a useful notion of duality between non- 
degenerate left integrals in A and A* |BNSzl 3.18]. If ^ is a non-degenerate left 
integral in A then there exists a unique X G A* such that X ^ £ = 1. This A 
is a non-degenerate left integral in A*. Moreover, £ X ~ e. Such a pair of 
non-degenerate integrals {£, X) is called a pair of dual integrals. 

A weak Hopf algebra A is called unimodular if it has a 2-sided non-degenerate 
integral. A semisimple weak Hopf algebra is unimodular |BNSzj . 

Following Drinfeld, [HI, we define the algebra of generalized characters of A to 

be 

(30) 0{A) = {cl,eA*\{cl,,gh)^{q^,hS'{g)), g,heA}. 

It was shown in |BNSz| that a left integral £ G Ja^^ S'-invariant if and only if its 
dual left integral A S J^, is a generalized character. 

Proposition 3.1.2. If A is unimodular then {£ G | ^ = S{£)} ^ At Ci Z{A). 
In particular if A is connected unimodular then there exist unique up to a scalar 
multiple non-degenerate S -invariant £ G and non- degenerate left integral X G 
0{A) n f^, dual to each other. 

Proof. Let S A be a two-sided non-degenerate integral, then any other element 
of is of the form £' = £z^ z G At. It is easy to see that S{£') = £' if and only if 
zGAtf^Z{A). □ 

Definition 3.1.3. A canonical left integral in A* is a functional A defined by 

(31) (A, /i) =Tr(L^o52|^)^ 

where h >—>■ Lh is the left regular representation of A. 

That the above A is an integral was shown, e.g., in |BNSzj and |ENO| . It follows 
that if A is connected semisimple, then A is a basis of 0(A) n 
The following definition was given in |BNSz| . 

Definition 3.1.4. A Haar integral in a weak Hopf algebra A is a normalized 2-sided 
integral £ in A. Such an integral is necessarily unique and S'-invariant. 

Below we give a list of equivalent conditions characterizing the semisimplicity of 
a biconnected weak Hopf algebra in terms of the canonical and Haar integrals. 

Proposition 3.1.5. Let A be a biconnected weak Hopf algebra and let A G A* be 
the canonical integral defined by H31|l . Then the following conditions are equivalent. 
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(i) TriS^\A)¥=0, 

(ii) A is semisimple, 

(iii) A* is semisimple, 

(iv) There is a Haar integral in A* , 

(v) X is a non- degenerate functional on A. 

Proof, (i) ^ (ii) was proved in |N2[ Corollary 6.6] and (ii) ^ (i) follows from jENOI 
Theorem 3.2]. Since Tr(S'2|^) = Tr(5'^U -) we a lso get (i) ^ (iii). 

To prove (iii) <^ (iv) observe that by [BNSzL Theorem 3.27] the existence of the 
Haar integral in A is equivalent to A* being semisimple with S'^{(j>) — jcfi'j^^ for 
(t) e A* and 

(32) Try(7-i)^0 

for every irreducible A* -module V . But this condition is satisfied in every semisim- 
ple weak Hopf algebra, since the following sequence of yl*-module homomorphisms 

^» bv*^Y* ^ Y** idv-H7 ' y-* ^ y ^ ^* 

is precisely the multiplication by ^^^^^^^j and is non-zero by semisimplicity of A* . 
The equivalence (iv) (v) was proved in BNSz,, Proposition 3.26(i)]. □ 

Remark 3.1.6. When A is not biconnected there are refined criteria for semisim- 
plicity, cf. N2, 6.4] and P^Ul 4.10]. 

Let {pa} be the set of primitive idempotents in Z(As). 

Proposition 3.1.7. For any biconnected weak Hopf algebra we have 

(33) = dh^^^' 

(34) £.(A) = E hw'^^I ^P"^^)- 

^ dimkiPaAs) 

Proof. Let A be the canonical integral defined by H31(l . The restriction of A to 
^min = AsAt is an integral in (A„iin)* and hence there exists y ^ As such that 

(35) ( A, x) = Tr(x?/|A„,i„), a; G ^min- 

In particular, for x G we get ( A, x ) = e{x)e{y). On the other hand, 
Tt{S^\a) = (A, 1) = Tr(yU_) = e(y) dimfc(A,), 

whence (|33ll follows. 

For X e As we have (A, x) = e(xy) dimfc(As), so, es(A) = dimk{At){y e). 
Let y = yaPa for some scalars ya- To find these scalars, note that {X, pa) = 
Tr(5'^|p^A) and also that 

{X, Pa) = 2/aTr(pa|A„i„) = 2/a diuik{As) diuikipaAs). 

Thus, 

^ dimfe(As) dimfc(paAs) 
which implies H34() . □ 
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3.2. Group-like and pivotal elements in a weak Hopf algebra. In |N2| a 

group-like element of A was defined as an invertible element g E A such that 
^(.9) (5 ® 5)^(1) — ® 5)- Group-like elements of A form a group G{A) 

under multiplication. This group has a normal subgroup 

(37) Go{A) G(A„,i„) = {yS{y)-' \ y e A,} 

of trivial group-like elements. If A is finite-dimensional, the quotient group G{A) ~ 
G{A)/GoiA) is finite. It was shown in |N2] that if i € A and A e A* is a dual 
pair of left integrals, then there exist group-like elements a € G{A*) and a G G{A), 
called distinguished group-like elements, whose classes in G{A*) and G{A) do not 
depend on the choice of i and A, such that 

(38) S{e) = a^l and S{\) ^ a ^ X. 

(Note that a and a themselves depend on the choice of i and A). 

The following result is an analogue of Radford's formula [Ej for usual Hopf 
algebras. 



Theorem 3.2.1. |N2l Theorem 5.13] One has 

(39) S'^{h)^a-\a^h^a-^)a. 
for all h e A. 

Remark 3.2.2. A is unimodular if the coset of a in G{A*) is trivial. 

Recall that a pivotal structure on a rigid monoidal category C is an isomorphism 
between monoidal functors i : Id — > **. A weak Hopf algebra A is pivotal if there 
is a group-like element G G A such that S^{h) — GhG^^ for all h E A. In other 
words, A is pivotal if and only if Rep(^) is a pivotal category. The element G is 
called a pivotal element of A. 

3.3. Dimension theory for weak Hopf algebras. Let A be a semisimple weak 
Hopf algebra and let V be a finite-dimensional A-module. Below we define quantum 
and Frobenius-Perron dimensions of ^-modules. These dimensions coincide with 
the fc-vector space dimensions if and only if A is a usual Hopf algebra. 

Let C be a pivotal fusion category with an isomorphism between monoidal func- 
tors z : Id — > **. One can define the quantum dimension of any object y in C by 



(40) dim(y) := Try(i) = dy o (z (g) idy.) o by- 

Here the right hand side belongs to Endc(i?) = k. Let C — Rep(A) for a pivotal 
weak Hopf algebra A and let V be a finite-dimensional A-module. If G is a pivotal 
element of A then H4()|l becomes 

(41) dim(y)- ^'^(^^ 



dimfe(At) 



Note that we use dim for the quantum dimension and dim^ for fc-vector space 
dimension. 

Remark 3.3.1. The squared norm \V\'^ of a simple object ^ of C can be defined 
without assuming existence of a pivotal structure |Mul IENO) . If C = Rep(A) for 



SEMISIMPLE WEAK HOPF ALGEBRAS 



11 



a semisimple A, then F,ndk{V) can be identified with a minimal 2-sided ideal of A 
and 

This number is an algebraic integer, which is non-neg ativc if fc = C |ENOI Theorem 
2.3]. 

Remark 3.3.2. For a pivotal A one has |Fp = dim(y) dim(y*) [MullEJNO| . In 

general, dim(y) ^ dim(F*), and so \V\'^ ^ dim(T^)^. This is why we use the term 
"squared norm" rather than "squared dimension." 

When A is a semisimple weak Hopf algebra and {V,}"=i are all the irreducible 
j4- modules, the categorical dimension of C = Rep (A) is defined as 

n 

(43) dim(C)=^ |V^,f . 

i=i 

We will call dim(74) = dim(Rep(A)) the categorical dimension of A. It follows from 
(1^ that for fc = C one has 

It was shown in jENOj that dim(A) is an algebraic integer > 1. 

Note 3.3.3. From now on let A be a semisimple biconnected weak Hopf algebra 
and let /c = C be the field of complex numbers (although some of the results below 
remain valid over an arbitrary algebraically closed field k of characteristic we 
restrict our attention to C since it is convenient to regard dimensions of A-modules 
as elements of the ground field). 

Recall from Section 12.51 that the Frobenius- Perron dimension FPdim(y) of a 
finite-dimensional A-modulc V is defined as the largest positive eigenvalue of the 
matrix of multiplication by xv in the basis {xi, ■ • • , Xn} of K{)[A)^ where {xi, ■ ■ ■ ,Xn} 
are characters of irreducible A-modules {Vl, . . . , V^}. Clearly, FPdim(y) is a posi- 
tive algebraic integer. 

The Frobenius- Perron dimension of A is then defined jEJNU| as: 



(45) FPdim(A) ^ FPdim(V,)2 



Remark 3.3.4. It follows from pNHl Section 8.2] that FPdim(yl) FPdim(yl*). 
If _B C A is a biconnected semisimple weak Hopf subalgebra of A then ppj™(gj is 
an algebraic integer. We generalize this result in Section IH?^ 

Let us define 

(46) P-=Y1 FPdim(V,)Try^ G R{A). 

j 

This p formally replaces the character of the regular representation. We will call 
p the Frobenius- Perron character of A. If V is an A-module with the character x 
then XP = PX = FPdim(y)p. In particular, FPdim(A)~^p is a minimal idempotent 
in R{A). 
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A relation between categorical and Frobenius-Perron dimensions was found in 
|ENOI Section 8.3]. For any simple module V over a semisimple weak Hopf alge- 
bra A one has \V\'^ < FPdim(l/)^, and hence, dim(yl) < FPdim(A). The ratio 
dim(A)/FPdim(yl) is an algebraic integer < 1. We explore this relation further 
when we derive the second trace formula in Theorem 15. 2. 21 

Proposition 3.3.5. Let A be a semisimple weak Hopf algebra. There exists a 
unique, up to a scalar, element w £ Z{As) that has strictly positive eigenvalues and 
satisfies 

(47) Trv{zwS{vuy^) = FPdim{V)e{z) 

for any z ^ At and any A-module V . In particular, w satisfies 

Trv{wS{w)^^) 



(48) FPdim{V) 



dimfe(As) 



Proof. The target counital subalgebra At is a left A-comodule algebra via the co- 
multiplication. Since A* is connected, At is indecomposable in the sense of Defini- 
tion As in Section the Abehan group KQ{At) is a left ifg ( A)-module via 



(49) (xC, = (x^e, A(z)), z€At, 

for any characters x of A and ^ of A^. This module structure naturally extends 
to the algebra R{At) = KQ{At) ®i C. It follows that there exists a unique, up to 
a scalar, e R{At) with strictly positive coordinates in the basis of characters 
{^1, . . . , ^t} of irreducible Ai-modules such that 

(50) TrvC/ ==FPdim(F)C/, 

for any A-module V with character Try. Let w = ^ 1 G Z{As), then 

(51) Try ^ u; FPdim(V^)w. 

Thus, w is a Frobenius-Perron eigenvector of the linear transformation Try ^ of 
Z{As) with the eigenvalue FPdim(F). Note that the corresponding eigenspace 
is 1-dimensional by the Frobenius theorem \Ga,\ . The last equation, in turn, is 
equivalent to 

(52) l(i)U;-iTry(l(2)w) =FPdim(V^), 

which is equivalent to (|47|l (this can be seen by applying 2; ^ e to both sides). 
Therefore, w is unique up to a scalar multiple and has positive eigenvalues. □ 

Definition 3.3.6. A non-zero element w S Z{As) will be called a Frobenius-Perron 
element of A^ if it has positive eigenvalues and satisfies 

(53) Try ^ u; = FPdim(F)u; 

for all finite-dimensional A-modules V . This element is defined up to a non-zero 
scalar multiple. 

Corollary 3.3.7. Every Frobenius-Perron element of As is a multiple of p^\. 

Let A be a semisimple weak Hopf algebra. To fix the notation in what follows 
we let 

(54) A^ Endfc {Vj), A^^ ®Li (C) , 
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where Af„(C) is the algebra of (m x m)-niatrices over C. Let A = (Aaj) be the 
{I X ri) matrix of the inclusion As C A, i.e., Aaj is the multiplicity of the simple 
As-module corresponding to Af„^(C) in the restriction of the A- module Vj to Ag. 

Definition 3.3.8. The number 

n 

(55) fi{A) ^ dimfe(V,-)FPdim(V,) 

will be called an index of A, cf. |BSz2l 4.5]. 

In other words, fJ-{A) is the Frobcnius-Pcrron dimension of the regular represen- 
tation of A. The name index comes from the subfactor theory 'GHJ' : if a subfactor 
comes from the crossed product with a weak Hopf C*-algebra A then the Jones 
index of the subfactor is equal to the index of A. 

Define the Frobenius- Perron dimension vector of A as 

(56) / = (FPdim(T/, )),"=!. 

If A is pivotal with a pivotal element G define the quantum dimension vector of A 
as 

(57) d = {diu,{V,))%^. 

Recall from (|46|l the canonical character p = J^j FPdim(V,)Try^ of A. Let pa, a — 
1, . . . , Z be primitive central idempotents of As. 

Let Wa = IS'l^l^A) ^'^^ ~ WaTia- It foUows from CoroUarv 13 . 3 . 71 that 

is a Frobenius-Perron element of As . Let 

(58) ,-=(,„)^^^^(i^y . 

Note that if S'^ — id then = n^, i.e., v is the dimension vector of As- 

Remark 3.3.9. The inclusion matrix A, vector i/, and index ix{A) are not invariants 
of the representation category of A, i.e., there exist semisimple weak Hopf algebras 
with monoidally equivalent representation categories but different A, v, and ^{A). 

Proposition 3.3.10. Let A he a semisimple weak Hopf algebra. Then Af = i-J-{A)v 
and A*z7 = /, where A* is the transpose of A. Consequently, 



(59) 



A*A/ = ^(A)/ and AA^v ^ ^{A)v. 
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Proof. We have FPdhTi(y*) = FPdini(y) for any simple A- module V. Let fj, j = 
1, . . . , n and Va, a — 1, ... ,1 he the coordinates of vectors / and v. We compute 

Y^A^.f, = 5: ^^FPdim(F,) 

3 3 

{P,Pa) f 

. _ Try, (Pa) {p,Pa) 

a a > \ / 

= M(^)~'Try;(l(2))(p,l(i)) 

= FPdim(l/,V(A)-i(p, 1} = /,, 
whence the statement of the proposition follows. □ 

Remark 3.3.11. A version of Proposition 13 . 3 . iT]! was proved in |BSz2l Theorem 
4.5] for weak Hopf C*-algebras. 

Remark 3.3.12. It follows from Proposition lH .3 . iTH that p is a Markov trace |(tH,I| 
for the inclusion As C A. 

The Frobcnius-Perron vectors of As and A* turn out to be colinear as we show 
in the next Proposition. In the language of |ENO| this means that the vectors of 
Frobenius-Perron dimensions of a finite semisimple module category M viewed as 
a module category over a fusion category C and over its dual are proportional. 

Proposition 3.3.13. LetwA andwA' be the Frobenius-Perron elements of As and 
A* respectively. Then wa' and wa ^ e are scalar multiples of one another. 

Proof. Recall that wa and wa' are defined by (|53|l in terms of the left coregular 
actions of R{A) and R{A*) on Z{As) and Z{A*s) respectively. If we identify Z{A*s) 
with Z{As) via (/)i-^(0^1),0G Z{A*), then the above actions make Z{As) 
an R{A) — R{A*) bimodule with wa being an eigenvector of all % G and 
X S R{A*). Since wa* can be normalized to have positive entries it follows that it 
belongs to the Frobenius-Perron eigenspace of R{A) that also contains wa ^ £• Q 

3.4. Implementation of the antipode and pseudo-unitary weak Hopf al- 
gebras. 

Definition 3.4.1. A semisimple weak Hopf algebra A is said to be pseudo-unitary 
if dim(.4) ^ FPdim(A). 

Any semisimple Hopf algebra A is pseudo-unitary since in this case dim(A) = 



FPdim(A) = dime (A). Weak Hopf C* -algebras considered in jT^NSzl IWll FRS^ 
INlj are also examples of pseudo-unitary weak Hopf algebras. However, there are 
many semisimple weak Hopf algebras that are not pseudo-unitary jENOL Section 
8]. 

For a pseudo-unitary A one has \V\'^ — FPdim(V^)^ for all irreducible A-modules 
V. It was shown in ENO, Section 8.4] that a pseudo-unitary A has a unique 
pivotal element G with respect to which the quantum dimensions of simple objects 
coincide with their Frobenius-Perron dimensions. We will call this G a canonical 
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pivotal element of A. Below we prove that the canonical pivotal element is a trivial 
group- like element with positive eigenvalues. The next Proposition establishes a 
sufhcient condition of the triviality of a pivotal element. 

Proposition 3.4.2. Let A be a semisimple weak Hopf algebra that has a pivotal 
element G. Let A be the inclusion matrix of A^ <Z A and let d — (dim(Vj))"^j^ be 

the vector of quantum dimensions of irreducible A-modules. If Ad ^ the G is a 
trivial group-like element. 

Proof. The left coregular action 

(60) 0,^(G-0), cj^eA*, 

of a group-like element G ^ A on A* is an algebra automorphism of A* . This auto- 
morphism preserves the minimal 2-sided ideal / = Endfe(^t) of A* corresponding 
to the trivial A*-module if and only if G is trivial N2 . 

The canonical integral X € A* defined by 1)31(1 is a rank 1 element of/. Therefore, 
G is a trivial group-like element if and only if (G^^ A) G /, i.e., if G~^ ^ A acts as 
non-zero in the trivial representation of A*. Since G^^ X = J^i Try. (G^^)Try^, 
the last condition is equivalent to 

(61) ^ Trv.(G)TryU,^^ ^0. 

i 

In particular, this condition follows if Try. (G)Try (pa) ^ for some primitive 

idempotent pa G Z{As). Since Aai — '^^'■^"^ ^j^cJ — diml'^A^ 

result. □ 

Corollary 3.4.3. Suppose that A has a pivotal element G with respect to which 
all quantum dimensions of simple A-modules are non-negative. Then G is a trivial 
group-like element. 

Corollary 3.4.4. Let A be a pseudo-unitary weak Hopf algebra and letG^A be the 
pivotal element with respect to which the quantum dimensions of all simple objects 
coincide with their Frobenius- Perron dimensions. Then G is a trivial group-like 
element. 

Corollary 3.4.5. If A is pseudo-unitary, then G = wS(w)^^ , where w G Z{As) is 
a Frobenius- Perron element of As, is the canonical group-like element of A. 

Proof. Up to a scalar multiple we have w = p ^ 1. Since A is pseudo- unitary, its 
canonical pivotal element G is trivial by Corollarv l3.4.4l i.e., G — gS{g)^^ for some 
g G Z{As). We also have p — dimk{As)~^ {G^^ A), where A is the canonical 
integral in A*. We compute 

dimk{As)w = l(i)(A, G-H(2)) 

= 3l(i)( A, .9^^1(2)) 

= .9(A-.9-^). 

Since A is an integral and A is biconnected, we have A G Ag n At = kl is a 

scalar, hence w and g are proportional and wS{w)~^ — gS{g)^^ = G. □ 

Remark 3.4.6. It follows that if A is pseudo-unitary then the eigenvalues of S'^ 
belong to the set | | a, P,j,5 — 1, . . . , ^| , where w is a Frobenius-Perron el- 

ement of Ag. In particular, the eigenvalues of 5^ of a pseudo- unitary weak Hopf 
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algebra are strictly positive. Below we will see f Corollary 15.2. 5(1 that the converse 
is also true. 

4. The class equation 

4.1. The character algebra and the Grothendieck ring of a weak Hopf 
algebra. Let A be a scmisimplc weak Hopf algebra, Ko{A) be the Grothendieck 
ring of A defined in Section 1^51 and R{A) C A* be the character algebra. 

Remark 4.1.1. Note that, in general, e ^ R{A). The identity element of R{A) is 
the character of the trivial representation of A, xi — £(i)£(2)- 

In what follows wc will identify K(){A) with a subring of R{A). For any finite- 
dimensional A-module V let xv be its character. The operation of taking the dual 
module gives rise to an anti-isomorphism of R{A) : 

(62) XV ^ XV* ^Xv oS, 

for any character xv- The map * extends to an involutive anti- linear algebra anti- 
honiomorphism . 

Let Vi, . . . ,Vn be a complete set of simple ^-modules, with Vi — At the trivial 
j4- module. Let xi, . . . , x„ be the corresponding characters and let Xj — Xj ° S be 
the character of V* . 

The following lemma is standard. 

Lemma 4.1.2. The bilinear form (•,•)■ ^(^) ^ -R(^) ^ defined by 

(63) ixv, Xw) ■■= diuik HomA{V, W*) 
is non-degenerate, associative, * -invariant, and symmetric. 

Proof. That the given form is non-degenerate follows from the fact that the bases 
{Xi, . . . , Xn} and {x*, • ■ • , Xn} RiA) are dual to each other with respect to (•, •), 
i.e., (xi, Xj) — ^ij for all i and j. The associativity of (•, •) follows from the 
isomorphism of vector spaces 

HonM(y K U, W*) ^ RomAiV EU^W,Vi)^ HonM(y, W* ^ U*), 

for all yl-modules V, U, W. Clearly, the form is ^-invariant and symmetric. □ 

Lemma 4.1.3. The character algebra R{A) is semisimple. 

Proof We claim that J^i XX% ® xX = Yl,iXi® xXx for aU x e R{A). Indeed, 
evaluating both sides of this equality against Xfe ® Xi g^f iXi XiXk), whence the 
claim follows by Lemma [4. 1.21 

Next, XiXtx, X*) = Y.I iXtX, {x^x)*) > 0, where the equality occurs only 
for X = 0- This implies that {J^i XiXX)x 7^ for x 7^ 0, and so J^i XiXX is 
an invertible central element in R(A). This means that R{A) is separable, and 
therefore, semisimple. □ 

Remark 4.1.4. The element J^i XiX* G ^o(^) is the character of the adjoint 
representation of A on the centralizer CA{At) of its target base, cf. |NTV| . 
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4.2. The class equation for weak Hopf algebras. We extend the argument of 
|Loj to obtain an analogue of the class equation of Kac [K] and Zhu jZlj showing 
that the categorical dimension dim(yl) of a semisimple weak Hopf algebra A is equal 
to a sum of its divisors in the ring of algebraic integers of C. 

Let e e R{A) be a primitive idempotent in R{A), and e be its central support 
in R{A), i.e., the primitive idempotent in Z{R{A)) such that ee = e. Let m be the 
dimension of the simple i?(A)-module R{A)e, then R{A)e ^ (i?(A)e)" as R{A)- 
modules. 

Let fj, be the character of R{A)e and let oj = ^/x. 

Lemma 4.2.1. We have e = m/i(e)~-^e — U!{e)~-^e, where e = J2i f^{Xi)Xi '"^ 
invertible element in Z(R{A)). 

Proof. That e is central and invertible follows from the proof of Lemma 14.1.31 
Clearly, ee' — for all primitive idempotents e' S Z{R{A)) such that e' ^ e, 
therefore e is proportional to e and e = mx(e)~^e. □ 

Let d — dimk{At). 
Lemma 4.2.2. In any finite- dimensional weak Hopf algebra A we have 

(64) Tr(52|i,^,i,,,^) = iTr(52U). 

Proof. Let A G A* be the canonical left integral defined in (|31|) . Let j/ G Z(As) be 
as in the proof of Proposition 13 . 1 .71 i.e., such that 

(65) ( A, cc) = Tr(a;j/U„i„), Vx G Amin- 
Observe that 

(66) Tr(zyU.„J - e{z)e{y), Vz G At, y G A,. 
Taking x = l(i)l(2) in (|65() we get 

Tr(S'2|i(i)i(2)A) = Tr(l(i)l(2)yU„„„) 

= e(l(i)y)e(l(2)) = ^(y) 

= iTr(2/U_) = iTr(52^)^ 

□ 

Proposition 4.2.3. We have Tr{S'^\eA') ^ and 

^''^ dTriS^U^) = 

Proof. Let £ be the left canonical integral in A, cf. H31(l . i.e., 

(68) (0, =Tr(L^o52U.), V(/)GA*, 

where ^ ^ is the left regular representation of A* . From Lemma r4.2.1l we get 

Ty{S^Ua') ^ {e, e) = u;{iy'{e, e). 
On the other hand, since ( Xi, £ ) = if i ^ 1, we have 

{e,e) = y^^i{x:){x^.^) 



Kxi){xi,i) 

mTr(S'2|,j^j,j2j^.). 
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Combining two last formulas we get 

w(e)Tr(S'2|eA-) = mTr(S'2|e(,)£,2) AO- 
Next, since S'^Ih^a) = id the value Tr(S'^|eA*) is the same for all primitive idem- 
potents e G eR{A), hence Tr(S'^|eA*) = wTr(S'2|eA*)- Using this and Lemma lO?^ 
we obtain the result. □ 

Recall from equation (|44|l that the categorical dimension of a semisimplc weak 
Hopf algebra A is 

Tt{S'\a) TriS^U') 



dim(A) 



d2 d2 



Theorem 4.2.4 (The Class Equation). Let ei,...efe be primitive idempotents of 
R{A) such that CiCj =^ Si^ei and ei — e(i)e(2)- Then 

(69) dim(A) = 5] 



d 



where the numbers Ui = — — J*^'^ — . i — 1, . . . ,k are such that the ratios dim(j4)/ni 
are algebraic integers in C. 

Proof. In view of ProDOsition l4.2..'^ it only remains to show that w(e) is an algebraic 
integer. We reproduce here the argument of |Loj for the sake of completeness. Note 
first that for any character ip of R{A) we have ip{Ko{A)) C alg. int. (C). Indeed, 
the regular representation of Ko{A) on itself is faithful, and so each Xi ^ Kq{A) 
satisfies a monic polynomial over Z, e.g., the characteristic polynomial of the matrix 
{Ni)jk = iXiXj^ Xk)- Hence, so does the image Tr{xi) under any representation tt 
of R{H). Therefore, all eigenvalues of Tr{xi) and Tr(7r(xi)) belong to alg. int. (C). 

This means that e J^i t'-ixDXi is a linear combination of elements of Ko{A) 
with coefficients from alg. int. (C). Since uj : Z(R(A)) — > C is an algebra homomor- 
phism, w(xi) G alg. int. (C), i — 1, . . . ,n. Thus, uj{e) G alg. int. (C). □ 

Remark 4.2.5. It was shown in jENO| that if A is pivotal then the numbers 
are algebraic integers equal to the quantum dimensions of irreducible submodules 
of the £'(A)-module induced from the trivial ^-module, where D{A) is the Drinfeld 
double of |NtV| . 



5. Trace formulas 

Recall that in the case of a usual semisimple Hopf algebra A at least one of the 
summands in the Class Equation Ht)9|) equals 1. Namely, if Tr denotes the trace of 
the left regular representation of A, then p = dimc(^)~^Tr is a minimal idempotent 
in R{A) and Tt{S'^\pA*) = 1- Below we extend this observation to weak Hopf 
algebras and also establish an analogue of the trace formula |LR2[ Formula (6)] . 



5.1. The first trace formula. A weak Hopf algebra analogue of the Larson- 
Radford formula for Tr{S'^) |LR2| was established in |N2| . As in the case of usual 
Hopf algebras, this formula is related to the semisimplicity of the corresponding 
weak Hopf algebra and its dual. 
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It follows from H28|) that for a non-degenerate integral £ in A with the dual 
integral A, the element (^(2) ^ A) (g) S'^^(^(i)) £ A* A is the dual bases tensor. 
This implies that for every T E Endc(A) we have 

(70) Tr(r) = (A,T(5-i(£(i))K(2)). 



In particular, for T = S'^, we get the following analogue of |LR,2I Theorem 2.5(a)] 
with counits replaced by counital maps. 



Corollary 5.1.1 (The first trace formula |N2| ). Let £ G A be a non-degenerate 
integral in a finite- dimensional weak Hopf algebra A and let A be the dual integral. 
Then 

(71) Tr{S'\A)^{es{X),e,{£)). 

5.2. The second trace formula. We will derive a relation between the categorical 
and Frobenius- Perron dimensions of a semisimplc weak Hopf algebra A that extends 
the result of [1^2] . 

Recall that xi = £(i)£(2) is the character of the trivial left A-module At. 

Lemma 5.2.1. Tr{S^\^,A-^) ^ ^TriS^U-.)- 

Proof. Follows from Lemma [4. 2. 21 □ 

Let Vi, . . . ,Vn be irreducible A- modules with characters xi, ■ ■ ■ ,Xn- Recall that 
ii p = J2j FPdim{Vj)xj then FPdim(A)^^p is a minimal idempotent in R{A). 

Theorem 5.2.2 (The second trace formula). We have 

(72) dim(A) = Ili^^lp^FPdimiA). 

a 

Proof. Note that the canonical left integral £ defined by (|68|l belongs to the matrix 
block corresponding to the trivial representation of A and Tr(s^ | ^») ^ ^ primitive 
idempotent. Hence, {p, £) = (xi, £). Using Lemma [5.2. II we obtain 
Tr(^2|^^^) ^ FPdim(^)-iTr(po52|^^) 

= FPdim(^)-i(p, ^) 

= FPdim(^)-iTr(S'2|xiA*) 

= FPdim(A)-id-iTr(S'2|^.), 

whence the result follows since dim(A) — (i^^Tr(5^|yi*)- Q 

Remark 5.2.3. It was shown in |ENOj that the ratio dim(A)/FPdim(A) is an 
algebraic integer. 

Corollary 5.2.4. We have Tr{S'^\pA-') < d. 

Proof. It follows from |ENOj that the categorical dimension of A is not bigger than 
its Frobenius-Perron dimension, which implies the statement. □ 

Corollary 5.2.5. A finite- dimensional weak Hopf algebra A is pseudo-unitary if 
and only if the eigenvalues of 5^ are positive. 
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Proof. It was shown in CoroUarv l^ . 4 . 51 that for a pseudo-unitary A the square of the 
antipode is the conjugation by wS{w)~^ , where w £ Z{As) has positive eigenvalues. 
Since w and S{w) commute it follows that the eigenvalues of S*^ are positive. 

To prove the converse, observe that the action of p on the trivial yl*-module 
Vi is not zero because {p, 1) ~ 0; where is the index of A* from 

Definition 13.3.81 Thus p gives rise to a non-zero element in Endc(Vi). Therefore, 
Ti{S^\pA') > Tr(S'2|pE„dc(yi)) = d and dim(A) = FPdim(A) by CorollaryE2!l □ 

Corollary 5.2.6. The dual of a pseudo-unitary weak Hopf algebra is pseudo- 
unitary. Weak Hopf suhalgebras and quotients of a pseudo-unitary weak Hopf alge- 
bra are pseudo-unitary. 

6. The structure of module algebras over weak Hopf algebras 

6.1. yl- module ideals and stability of the Jacobson radical. Let A be a finite- 
dimensional weak Hopf algebra and let M be a finite-dimensional left A-module 
algebra. 

The following Lemma extends 2.2(a)]. 
Lemma 6.1.1. If I C M is a two-sided ideal then 

(73) A■I^l^J2h^■X^\h^eA,X^£I^ 

is an A-stable ideal of M. 

Proof. It is clear that A ■ I is an A-stable subspace of M. For all m £ M, h G 
A^ X G I we compute 

m{h-x) = (1(1) • m)(l(2)/i • a;) = (/i(2)S'"^(/i(i)) • m)(/i(3) • a;) 

= /i(2)-((5-i(/i(i))-m)a;)eA./; 
{h-x)a = {l(i)h- x){l(2) ■ a) = {h(i) ■ x){h(2)S{h(3)) ■ a) 
= h(^y{x{S{h(2))-a))cA-I, 
and hence, A • / is an ideal. □ 
Lemma 6.1.2. Let L, R, and T be linear endomorphisms of AI defined by 

(74) L{m)x — mx, R{m)x — xm, T{h)x = h ■ x for all m, x G Af, h Cz A. 
Then 

(i) for all y G As and z G At we have T{y) — R{y ■ 1) and T{z) — L{z ■ 1), 

(ii) for all h £ A and m G M we have L{h ■ m) — T{h(i)) o L(m) o T{S{h(^2))- 

Proof. We compute 

T{y)m = y ■ (ml) = (l(i) • m)(l(2)y • 1) = m(y -1), y G As, m G M, 

and similarly for T{z), which proves (i). Next, for h £ A and m,x £ M we have 
we compute 

T{h(i)) o L{m) oT{S{h(2)))x = • (m(S'(/i(2)) ■ a;)) 

= (/i(i) • m)(/i(2)5(/i(3)) • a;) 
= (l(i)/i-m)(l(2) -a;) 
= {h ■ m)x — L(h ■ m)x, 
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which proves (ii). 



□ 



In [Eij V. Linchenko proved that the Jacobson radical of a module algebra over 
a semisimple Hopf algebra A is an ^-stable ideal. Below we extend this result 
to pseudo- unitary weak Hopf algebras, cf. Definition 13.4. II fnote that a semisimple 
Hopf algebra is pseudo- unitary). 

Theorem 6.1.3. Let A be a pseudo-unitary weak Hopf algebra and let M be a 
finite- dimensional A-module algebra. Then the Jacobson radical J{M) of M is an 
A- stable ideal of M . 

Proof. We will use notation from Lemma lfi.1.21 Let G = wS{w~^) € A he the 
element from Corollary 13.4.51 such that S'^{h) = GhG^^ for all h ^ A. Here w e 
Z{As) is a Frobenius- Perron element of Ag. In particular, all the eigenvalues of Ag 
are positive. Let Tr denote the trace of a linear endomorphism of M. We compute 

TTiT{G)oL{h-m)) = Tr(r(5((/i(2))G/i(i))oL(m))) 

= TT{T{GS-\es{h)))oL{m)) 

= TT{T{G)oL{{es{h)-l)m}) 

= Tt{L{{S{w) ■ l){es{h) ■ l)m) o R{w-^ ■ 1)), 

for aU h e A,m,e M. Now if m e J(Af), then L{{S{w) ■ l){es{h) ■ l)m) is a 
nilpotent endomorphism of M that commutes with R{w~^ ■ 1), therefore, 

(75) Tr(T(G)oL(/i-TO)) =0, for aU /i e A, m e J(Af). 

Since T{G) = L{w) o R{w^^) and A ■ J{M) is an A-stable ideal by Lemma IHXTl it 
follows that 

(76) Tr{L{h ■ m) o i?(w"^)) = 0, for all h e A, m e J{M). 
Consequently, 

(77) Tr(L(x)" oi?(w-i)) = 0, for aU x G A • J(A/) and n = 1, 2, . . . . 

Since R{w~^)) is a diagonalizable linear operator with positive eigenvalues it follows 
by a standard linear algebra argument that L(x) is a nilpotent operator for all 
X G A ■ J{M). Hence, any such a; is a nilpotent element of M and, therefore, 
A ■ J{M) is a nil ideal of M. It is well known that every nil ideal is contained in 
the Jacobson radical, whence the result follows. □ 

6.2. Probenius-Perron dimensions of module algebras. A classical result in 
group theory states that if G is a finite group then the cardinality of any transitive 
G-set divides |G|. This was extended to semisimple Hopf algebras by Y. Zhu who 
showed in |Z2| that if M is an indecomposable semisimple module algebra over a 
semisimple Hopf algebra A and Mi , M2 are irreducible M- modules then dime (M) 
divides dimc(Afi) dimc(Af2) dimc(i?). 

In this section we extend Zhu's result to semisimple weak Hopf algebras and their 
(co)module algebras. In this case the vector space dimensions should be replaced 
by Frobenius-Perron dimension. 

Let A be a semisimple weak Hopf algebra and let M be an indecomposable finite- 
dimensional semisimple left A-comodule algebra. Recall from Remark |2 . 1 . 41 that in 
this case Af is a right A*-niodule algebra via 



(78) 



m e A-f, (p e A*, 
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where S{m) ~ m^^'' (g) m*^^' is the coaction of A. 

The Grothendieck group Kq{M) is a left isro(A)-module via 

(79) {xi,m) -.^ {x(^t Sim)) ^^(m-x), 

for all X e -F'^o(^), C G ^o(A^), and m e Af. 

Let Ml, . . . , Mt be irreducible M-modules and let ^i, . . . , be their characters. 

Recall from Section r2.5l that there exists a unique up to a scalar multiple Frobenius- 
Perron character f e R{M) — Ko{M) ®z C of M defined by the property 

(80) TrvC = FPdim(l/)C, 

for all finite-dimensional A- modules V . The coefficients of ^ in the basis {fi, . . . , ^t} 
are Frobenius-Perron dimensions of irreducible M-modules. 

The space of Frobenius-Perron characters of M is 1-dimensional and is equal 
to pR{M), where p is the Frobenius-Perron character of A. Let wa* G kes{p) be 
any Frobenius-Perron element of A* from Definition 13.3.61 The next Proposition 
expresses a Frobenius-Perron character of M in terms of this element. 

Proposition 6.2.1. The element 

t 

(81) o = E^fc(i-^^*)^'^ 

fc=l 

is a Frobenius-Perron character of M . 

Proof. Choose a normalization wa" — £s{p)- Note that the map 

(82) $:i^o(A)^R:e^e(l-WA-) 

is a /iro(A)-module homomorphism, where M is a if o ( A)-module via FPdim. Indeed, 
we have 

^(TryO = a^-WA^Tvv) 
= ^(1-pTry) 

= FPdim(y)C(l • p) = FPdim(l/)$(0- 

Since $(^fe) > for all fc = 1, . . . , i it follows from Lemma 17.5.31 that ^I^fe <I'(ffc)Cfc 
is a Frobenius-Perron character of M . □ 

It follows that we can choose the Frobenius-Perron dimensions of irreducible 
M-modules to be 

(83) FPdim(A4)-6(l-u'A), fc = l,...,t. 

For any Af-module U with the character ^ = X)fc=i ^kS,k G Ka{AI), au G Z>o 
its Frobenius-Perron dimension is 

t 

(84) FPdim(C/) := ^ afeFPdim(Mfe). 

fe=i 

Define the Frobenius-Perron dimension of M by 

t 

(85) FPdim(Af) ^ FPdim(Mfc)^ 

fc=i 

Of course, the numbers FPdim(A/fc), FPdim(M) depend (up to a scalar) on our 
choice, but the ratios FPdim(M^)FPdim(Mfc)/FPdim(M), i, A: = 1, . . . t do not. 
The following Theorem extends the main result of |Z2| . 
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Theorem 6.2.2. Let A be a semisimple weak Hopf algebra and M be an indecom- 
posable finite dimensional semisimple left A-comodule algebra. Let Mi, . . . ,Mt be 
irreducible M-modules. Then the numbers 

FPdimjA) FPdimjMj ) FPdimjMk ) • >. _ i 

FPdim{M) ' ^''^ 

are algebraic integers. 

Proof. Let be the character of Mfe, k = 1, . . . ,t and let Ck be the corresponding 

primitive central idempotent of M. Let ^/ = Yll:=i FPdim(Affe)Cfe be a Frobenius- 
Perron character of M and let p be the Frobenius-Perron character of A. Then 

P^k = ^ FPdim(y,)Try.a 
i 

= ^ 7V;fcFPdim(y,)Ci, 

ji 

where Njj^ are some non-negative integers. Hence, pS^k is a linear combination of 
^l, I = 1 . . . ,t with algebraic integer coefficients. On the other hand, since both p^k 
and p^f are Probenius-Perron characters of M, we have 

FPdim(Mfc) 
= FPdim(Af) 
_ FPdim(A)FPdim(M^fe) 
~ FPdim(M) 

^ FPdim(yl)FPdim(Mfe)FPdim(Mi) 
FPdim(M) 

Comparing the coefficients of in the two above formulas for p^h we get the 
result. □ 
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